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S t a r t i n g  w i th  the  N a v i e r - S t o k e s  equa t ion  w e  u s e  the  L y a p u n o v - S c h m i d t  m e t h o d  to i n v e s t i g a t e  
the  n a t u r e  o f  the  l o s s  of s t a b i l i t y  of  Coue t te  flow b e t w e e n  c y l i n d e r s  a s  the  R e y n o l d s  n u m b e r  
p a s s e s  t h r o u g h  i t s  c r i t i c a l  va lue .  W e  c o n s i d e r  t h e  r o t a t i o n  o f  t he  c y l i n d e r s  in o p p o s i t e  d i r e c -  
t i o n s  wi th  the  r a t i o  o f  the  a n g u l a r  v e l o c i t i e s  such  t ha t  t he  r o l e  of  the  m o s t  d a n g e r o u s  d i s t u r -  
b a n c e s  p a s s e s  o v e r  f r o m  r o t a t i o n a l l y  s y m m e t r i c  to n o n r o t a t i o n a l l y  s y m m e t r i c  d i s t u r b a n c e s .  
B r a n c h i n g  n o n s t a t i o n a r y  s e c o n d a r y  f lows  ( a u t o o s c i l l a t i o n s )  a r e  found in t he  f o r m  of a z i m u t h a l  
w a v e s ;  t he  l o n g i t u d i n a l  w a v e  n u m b e r  ~ and  the  a z i m u t h a l  w a v e  n u m b e r  m a r e  a s s u m e d  given.  
The  a m p l i t u d e  of  a u t o o s c i l l a t i o n s  and  t h e  w a v e  v e l o c i t y  a r e  c a l c u l a t e d  f o r  m = 1, and  i t  i s  
shown tha t  depend ing  on the  v a l u e  of  a bo th  w e a k  e x c i t a t i o n  of  s t a b l e  and  s t r o n g  e x c i t a t i o n  of  
u n s t a b l e  a u t o o s c i l l a t i o n s  a r e  p o s s i b l e  and  the  w a v e  n u m b e r  ~ f o r  wh ich  the  c r i t i c a l  R e y n o l d s  
n u m b e r  i s  a m i n i m u m  c o r r e s p o n d s  to a s t a b l e  w a v e  r e g i m e  in t he  s u p e r c r i t i c a l  r eg ion .  The  
l i n e a r  p r o b l e m  of  t he  s t a b i l i t y  of  the  c i r c u l a r  f low of  a v i s c o u s  f lu id  w i t h  r e s p e c t  to n o n r o t a -  
t i o n a l l y  s y m m e t r i c  d i s t u r b a n c e s  i s  d i s c u s s e d  in [1-3] .  Di P r i m a  [1] s o l v e d  the  p r o b l e m  
n u m e r i c a l l y  b y  the  G a l e r k i n  m e t h o d  when  the  gap i s  s m a l l  and  the  c y l i n d e r s  r o t a t e  in the  s a m e  
d i r e c t i o n .  Di P r i m a ' s  a n a l y s i s  i s  e x t e n d e d  in [2] to c y l i n d e r s  r o t a t i n g  in  o p p o s i t e  d i r e c t i o n s ,  
and  in  [3] i t  i s  e x t e n d e d  to g a p s  w h i c h  a r e  not  s m a l l .  The  n o n l i n e a r  s t a b i l i t y  p r o b l e m  i s  t r e a t e d  
in  [4], w h e r e  f o r  f i xed  ~ = 3 and  c y l i n d e r s  r o t a t i n g  in o p p o s i t e  d i r e c t i o n s  the  a x i s y m m e t r i c  
s t a t i o n a r y  s e c o n d a r y  f low - t he  T a y l o r  v o r t e x  - i s  c a l c u l a t e d .  The  f o r m a t i o n  of  a z i m u t h a l  
w a v e s  in  t he  f lu id  b e t w e e n  the  c y l i n d e r s  w a s  s t u d i e d  e x p e r i m e n t a l l y  in  d e t a i l  b y  Co le s  [5]. 

1 .  S t a t e m e n t  o f  t h e  P r o b l e m  

Suppose  a v i s c o u s  i n c o m p r e s s i b l e  f lu id  of  d e n s i t y  p and  k i n e m a t i c  v i s c o s i t y  u f i l l s  t he  s p a c e  b e t w e e n  
two c o a x i a l  c y l i n d e r s  of  r a d i i  r i a n d  r 2 ( r  1 < r 2) w h i c h  r o t a t e  w i th  a n g u l a r  v e l o c i t i e s  a l  and  a2 ,  r e s p e c -  
t i v e l y .  W e  t a k e  a s  un i t s  of  l eng th ,  t i m e ,  and  m a s s  the  q u a n t i t i e s  r 2 - r i ,  ( r  2 - r l ) 2 / u ,  and  ( r  2 - r i ) 3 / p ,  and  
i n t r o d u c e  the  R e y n o l d s  n u m b e r  R e  = ~21r t ( r~ - r 1 ) /v  and  the  d i m e n s i o n l e s s  p a r a m e t e r s  ~ = a 2 / a l  and  ( = 
r i / ( r  2 - r 1 ). The  s o l u t i o n  of  t he  G r o m e k - L a m b  f o r m  of  the  d i m e n s i o n l e s s  e q u a t i o n s  of  m o t i o n  of  t he  f lu id  

v~ @ r :< v '  -:- grad h' -]- rot  o)' = 0, (o' : rot  v ' ,  div v '  = 0 (1.1) 

in c y l i n d r i c a l  c o o r d i n a t e s  r ,  0, z i s  

i v'  = Re V, o~' = Be .q, h'  = h o (r) = 0,oV~ -I- V~/rdr, 

V = (0, Vo, O), .o. = ( 0 , 0 , ~  Vo = ar -]-b/r ,  Q~---- 2a, (1.2) 

c o r r e s p o n d i n g  to l a m i n a r  c i r c u l a r  Coue t t e  f low. S ince  w e  a r e  i n t e r e s t e d  in  f lows  w h i c h  a r e  p e r i o d i c  in t i m e ,  

b r a n c h i n g  f r o m  the  s o l u t i o n  (1.2) ,  w e  se t  

v '  = R e V - ~ v ( r , T , z ) ,  co' = Be•  @co(r ,T,z) ,  h ' - - -  h 0-~, h ( r , x ; z )  

R o s t o v - o n - D o n .  T r a n s l a t e d  f r o m  Z h u r n a / P r i k l a d n o i  M e k h a n i k a  i Tek_hnicheskoi  F i z i k i ,  No. 2 ,  pp.  6 8 -  
75,  M a r c h - A p r i l ,  1976. O r i g i n a l  a r t i c l e  s u b m i t t e d  F e b r u a r y  19, 1975. 
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in  (1.1), w h e r e  ~- = 0 - ct and  c is  the unknown ve loc i ty  of a z i m u t h a l  waves ,  and  r e p l a c e  0 / a0  by a/a~- and  

0/at  by  - c 0 / 0 ~ -  to ob ta in  the n o n l i n e a r  e igenva lue  p r o b l e m  

--cv~ + lie ( ~ : : v  -~ m~<V) + grad h + rot m = v'<m, (1.3) 

(,) = rot v, div v ---- 0, 

whose  n o n t r i v i a l  so lu t ion  m u s t  sa t i s fy  the nons l ip  condi t ion  "v = 0 at r = ~ and r -- 1 + ~ and  have a ze ro  
ve loc i ty  f lux th rough  the e r o s  s s ec t i on  of the c y l i n d r i c  al gap. We seek  a so lu t i on  hav ing  a p e r i o d  2 ~ / m  in  v and 2~r/ 
i n z , w h e r e  m and a a r e  the  g iven  a z i m u t h a l  and long i tud ina l  wave n u m b e r s ,  f o r  which v r ,  v0, h, and w z a r e  

even  and  Vz, w r ,  and o~ 0 a r e  odd func t ions  of z. The  r e m a i n i n g  so lu t ions  can be  ob ta ined  by sh i f t ing  the o r i -  
gin a long  the  ax is  of the  c y l i n d e r s .  

2 .  
I 

T h e  L y a p u n o v - S c h m i d t  M e t h o d .  

We c a l c u l a t e  a u t o o s c i l l a t i n g  s e c o n d a r y  

Separation of Variables 

flow by using the Lyapunov-Schmidt method [6, 7]. Setting 

~" (v,,, h~, o)~), c = BeoCo'~ + ~ ~.~c~ (2.1) 

in (1.3), w h e r e  e = ( R e -  Re 0)1/2, Re ~ is the  c r i t i c a l  Reyno lds  n u m b e r ,  and c o is  the ve loc i ty  of a z i m u t h a l  
waves  r e l a t i v e  to the  ro t a t i ng  i n n e r  c y l i n d e r  c a l c u l a t e d  f rom the l i n e a r  theory ,  we obta in  a se t  of l i n e a r  
p r o b l e m s  of the  fo rm 

Reo(--c0:~v~ + .~ >:v,~ mn>.'V) --  grad h, + rot r = L,, (2.2) 

ton = rot vn, d ivvn  = 0, va - 0 (r = }, 1+~),  

w h e r e  the  fn a r e  the known r i g h t - h a n d  s ides .  In p a r t i c u l a r ,  

fx = 0, f~ = va>;m x + cxvl~ , f~ = cxv2~ ~ c2v1~ '-- vl>:m, -~ v~,'< o)1 - -  (9><vx --  oh•  ). 

F o r  n = t ,  a l i n e a r  homogeneous  p r o b l e m  i s  ob ta ined  fo r  the ca l cu la t ion  of the c r i t i c a l  p a r a m e t e r s  Re0, c0, 
and  the e igenfunc t ion .  We in t roduce  the no ta t ion  

e~,, = exp i(kmT '-- so:z), Wl:,, = (v (h,'~ (r), /gk,-~;(r), og~..,~ (r)) 

and  w r i t e  the so lu t ion  in the fo rm 

(Vl, hi, tOl) = ~(~Yl,lel.i -~- Xu 1 ~- ~Vl,_lel._l -~- ~Yl,_lel._I), 

w h e r e  p > 0 is  the  amp l i t ude  of a u t o o s c i l l a t i o n s  [6] and a b a r  ove r  a quant i ty  denotes  i ts  complex  conjugate ,  
The p a r i t y  wi th  r e s p e c t  to z goes o v e r  into the  p a r i t y  wi th  r e s p e c t  to s for  the c o r r e s p o n d i n g  componen t s  of 
the  v e c t o r  Wk, s. Sepa ra t i ng  the v a r i a b l e s  r and  z and i n t r oduc i ng  the no ta t ion  W1,1 = (@, g, T), we obta in  
d i r e c t l y  f r o m  (2.2) for  n = 1 the d o s e d  s y s t e m  of d i f f e ren t i a l  equa t ions  

DTr = --(q, ,  + im~o)/r  - -  io:%, Dffo = ( imqr - -  q0)/r ~- y:, 

D , ~  -= totq.~ - -  70, D g  = Reo (iraco/~q~ - -  -~ Voyz) - -  ira/ryz + iaye.  

DT0 = Re o (imco/~% - -  V07,.) --  lag -7 (imy~ - -  70)/r. (2.3) 

D7~ = Re o (.O.~r __ imCo/~qo ) -7 i n f r g  + i~q'r, 
7r = i m / r %  - -  io:q~0, D = d/dx,  x = r - -  

for which we seek a nontrivial solution satisfying the boundary conditions ~ r = q~0 = ~ z = 0 at x = 0 and 

x = i. Introducing the convenient normalization Yz = 0.25 at x = 0 we note that for small r the principal 

part of the tangential stress Pr0 at the inner cylinder varies according to the law Pr0 = eft cos c~ z cos m. 
(0-Re 0 e0/~t ) with amplitude eft. 

To construct the adjoint problem we multiply the first of Eqs. (2.2) for n = 1 scalarlY by the solenoidal 

vector @ which vanishes at r = ~ and r = 1 + ~ and satisfies the same periodicity conditions. We then integrate 

by parts over the limits ~ <_ r < I+~, 0 -<~---<2zr/m, 0 -<z -<2~/~ with the weight factor r and throw out prod- 

ucts of @ and derivatives with vl, hl, and wl. As a result we obtain the adjoint problem 

Reo (Co/~UZ~: + ~X~) + grad Q + rot A = 0, div ~ = 0, 

r o t W  + B e o V •  = A,  W = 0 ( r  = ~, 1 -~ ~), 

which  a f t e r  s e p a r a t i n g  the v a r i a b l e s  , and  z 

(~, Q, A) = (% q, ~.)e.~ 

r e d u c e s  to the o r d i n a r y  d i f f e r e n t i a l  equa t ions  
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D %  = - -  ( %  + i m r  ) / r - - iaCz ,  D r  imCr - -  ~ o ) / r + R e  o Vo~r-}-t.=, D~= = 

= i a , ~  - -  ~o, Dq = - - i r a  Reo Co/~% - -  Reo O--z~o-- im/r~.~ +ia~o ,  

D ~  = - - i ra  Reo c o / ~  - -  iaq § (im)~ - -  ),o)/r, (2.4) 

D'~z = im Re o co/~,o - -  Reo Q~*r - -  im/  rq  + ia~.r, 

~'r = (im/r + Reo Vo)*z -- ia*o 

w i t h  t h e  b o u n d a r y  c o n d i t i o n s  S r  -= $0 = Sz = 0 a t  x = 0 a n d  x = 1 a n d  t h e  a u x i l i a r y  n o r m a l i z a t i o n  c o n d i t i o n  
X z = 0 .25 a t  x = 0. T h e  c o n d i t i o n  t h a t  t h e  i n h o m o g e n e o u s  p r o b l e m  (2.2)  b e  s o l v a b l e ,  

2n,/~ 2~,'m 1+~ 
[ [ .[ ( f ~ , ~ ) e , ~ r d r d T d z = O  ( n = 2 , 3 , 4  . . . .  ), (2.5)  

s h o w s  t h a t  c 1 = 0 f o r  n = 2 i f  t h e  q u a n t i t y  

Ix = .t ('~, r  rdr 

i s  d i f f e r e n t  f r o m  z e r o .  A s s u m i n g  t h a t  t h i s  c o n d i t i o n  i s  s a t i s f i e d  w e  s e e k  t h e  s o l u t i o n  of  p r o b l e m  (2.2)  f o r  
n = 2 to  f i t  t h e  r i g h t - h a n d  s i d e  f2 in  t h e  f o r m  

(V2, h, 0)2) ----- ~2(Wo,oeo, 0 + W2 oe2, ~ --~ W2,2e2, ~ + W2,_2e2,_ 2 ~7 

+ YVo.,-~.2.-2 + Ws,oes,o + W_~,oe:~,o +Wo,=eo,~ + ~-7o,2eo,~), (2.6) 

where it is assumed that the components of the vectors Wk, s have the same parity with respect to s as they 
had with respect to z before the separation of variables. We note that a solution of the linear homogeneous 
equation should be added to the right-hand side of Eq. (2.6) with a constant coefficient fl ', but as shown in [7] 
for the general case of branching fl' = 0. The parity with respect to the second subscript enables us to limit 
ourselves to finding only the four vector functions W0,0, W2#, W2, 0, and W0, 2. The components of the first 
satisfy the equations 

Dv~ ~176 = co( ~ 1 7 6  v(o~176 Do)(, ~176 = - -  A~ ~176 v~ ~176 = 0 ( x  = 0 , I ) ,  

�9 T ..(o.0)X _L ~(0.0) (o 0) v(0.0) 0)(0.0) co(o ~176 -= 0, (2.7) D h(~176 ~ 1 7 6  / , ~r  , v ~ '  = _- = = 

( A ?  '~ A~ ~176 0) = v( ' . ' )  • Toc~., + ;-( , . ,  • 0)c,.~) + v ( ' . - "  0)('.7') + v ( ' . - ,  • 0)r 

T h e  a r b i t r a r y  c o n s t a n t  in t h e  d e t e r m i n a t i o n  of  t h e  t o t a l  p r e s s u r e  i s  c o n v e n i e n t l y  f i x e d  b y  s e t t i n g  h ~176 = 0 a t  x =  1, 

F o r  t h e  c o m p o n e n t s  of  t h e  v e c t o r  W z,2 w e  o b t a i n  

Dr(} '~  = - -  (&~'~) + 2 ~ z v T ' ~ 0 / r  - -  2 ~ 7  '~ ,  D ~ ' ~  > = (2~.~,7  '~  - -  ~(~'~))/r + 0)7 '2~ . 

t "" .(2,2)~ 2~m/r(o(z2.2) + 2ia0)(2.2) § A(r2.2), Db,(r2,2) .= 2iav(r2.2) __ 0)(2,2), Dh(2,2 ) = 2ira ReoCo/~V~ 2'2) § Re o (Qzv (2'2) -T" VOWz j - -  

De~)  2'2) ---- 2im B.eoco/~y(z 2'2) - -  neoVoo~? 'z) - -  2io~h (2,2) § (2im~,(~ ~' 2) _ 0)(e2,e))/r + A(2,2), (2.8)  

D0)7 '2) = - -  2ira Be o C0/~V (2'2) § P(% Qz/27'2) § 2im/rh  (2'2) + 2ia0)7 '2) - -  A (2'2), 

0)~ 2'2) -~ 2im/rv~ 2'2) - -  2ictv(o 2'2) , A (2,2) ----- v (~,t) X 0)(I,I), V(r 2'2) = i)~ 2'2) = /57 '2) : 0 (X : 0,1). 

We find the components of the v e c t o r  W2, 2 by solving the problem 

(2,0) (2.9) - ~  (2o> = _ (~2 0> + 2zz~o2 0,)/~, D ~  0> = (2Zm~7 o,_ 42 o,),~ + =.- , 

Dh(2,o) --_ 2im Reo Co/gV~2,~ § Reo (.qZvg2'~ § Vo0)~ 2'~ --  2tmlr0)=" (2.0) § A(2,o), 

D[0~ 2 '~ = - -  2im Re o Co/~V(o 2'~ § R e o Q z v ~  2 '~ § 2~m/rh (2'~ - -  A(o 2'~ 

0)7,0) = 0)~2,0) = v([2,0)= 0, (A(~ 2'~ A~ 2'~ , 0) - -  v0, ' )  • 0)( ' , - ' )  § v ( ' , - ' )  X 0)d,,) 
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TABLE 1 

I I I 
I I t 

3,930 1 0 3 , 5 2  0,29672 43,3i 0,303 0,4165 --0,3229 
i,075 367,09 0,23007 7,846 0,236 0,0590 --0,2944 
i,275 231,72 0,23042 40,53 --0,200 0,1028 --0,28i6 
i,325 2i5,89 0,23231 94,01 --2,i5 0,1i3i --0,2824 
i,350 209,i4 0 , 23333  ii5,2" --3,88 0,ii80 --0,2830_ 
t,600 t65,58 0,24428 24,87* --0,472 0,1614 --0,29t7 
t,850 142,93 0,25472 ii,45" --0,492 0,1973 --0,3004 
i,950 i36,65 0,25857 t3,66 0,t03 0,2103 --0,3034 
2,300 12t,58 0,27040 33.85 --0,077 0,2520 --0,3i15 
2,600 1t3,88 0,27852 65,74 --t ,90 0,2847 --0,3i59 
2,700 i l i ,99 0,28084 81,83" --5,65 0,2952 --0,3170 
2,800 i10,38 0,28296 20,09* --i,47 0,3055 --0,3i79 
8,000 t07,82 0,9-8668 29,89 0,715 0,3258 --0,3192 
5,000 t06,95 0,30123 46,38 0,204 0,5139 --0,3320 
6,600 i20,66 0,30998 47,98 0,t77 0,6389 --0,3584 

w i t h  the  b o u n d a r y  c o n d i t i o n s  v~  '~ = v~ 2'~ = 0 a t  x = 0 a n d  x = 1. F o r  t he  c o m p o n e n t s  of  t h e  v e c t o r  Wo$ we  
o b t a i n  t h e  e q u a t i o n s  

Dvf,2) ~0,2), 2iav~0,e), Dv~o.e) ,o e), , (o,2) = - -  = --VO' lrT-COz , v~ ; r - -  (2.10) 

Dv (~ 2iav(~ ~ - -  o)~ ~ D h  (~ Reo (O-~v~ ~ w-' -o-~=~z. (o,,_)~j + 2ia(oo(o, ~)- + ~(o,2) 

Dr n'z) - -  R% Vo(o~ ~ - -  2iah(O, ~ - -  ..(o 2).~ , ~<o,2) 

Do)~ ~ O r 9:-<0,2) A~o,2), (0,2) __2gay(00,2). = Re0--zVr '- "7- -t~0)r - -  r = . 

A (0'2) = v (l'l) X ,o'1'--1) ~ - v (~'-1) :: 0) (1'1), V~ 0'2) = J00'2)= V~ 0'2) = 0 (X=0 , t ) ,  

w h e r e  i t  t u r n s  ou t  t h a t  t h e  q u a n t i t i e s  V(r ~ v~  %2), h (0~2) , a n d  ~(z ~ a r e  r e a l  a n d  V(z~ ~r"'(~ ~..~,~ ~0"(~ ...~-*~ 
p u r e l y  i m a g i n a r y .  Se t t i n g  n = 3 in  the  s o l v a b i l i t y  c o n d i t i o n  (2.5) we  o b t a i n  a n  e q u a t i o n  fo r  the  r e a l  c o n s t a n t s  

fi a n d  c2 :  imc.,.I1 + ~"I2 = I3,  

I~= .f (Z,~)rdr, I ~ =  t ~ (.Q >: q~+7  • V , r  

= V ( 1 1 ) ) < 0 )  (0,0) _L_ ~ (11) X 0)((2,2) _L V (1'--1)>(0.)(Off) ,~_ V (1,--1) X0)(2'0)-~ - 

2_, v (o,o) ::o) (~.~) ~ v(2,'-') ;((o (~,~) ~- v (~ Xco d, -x) --' v (~,~ o) (~,--i), 

f r o m  w h i c h  we f ind 

~e = dl ~ Real  (1311)/Real (I172) , e., = d2 ~ Im ( I J 2 ) / m  Real (117o_). 

If t he  c o n s t a n t  d~ i s  g r e a t e r  t h a n  z e r o ,  a u t o o s c i l t a t i o n s  b r a n c h  off  f o r  Re  > Re  0 ( s u p e r c r i t i c a l  a u t o -  
~ s c i l l a t i o n s ) .  F o r  d 1 < 0 t h e  e q u a t i o n  f o r  fi2 b e c o m e s  i n c o n s i s t e n t .  In t h i s  c a s e  i t  i s  n e c e s s a r y  to c o n s i d e r  
s u b c r i t i c a l  v a l u e s  of  t h e  R e y n o l d s  n u m b e r ,  s e t t i n g  R e  = R e  0 - e2 in  the  d e r i v a t i o n  of  t h e  c h a i n  of  e q u a t i o n s  
(2.2) .  A s  a c o n s e q u e n c e  13 ~ - I v  T h i s  g i v e s  the  c o r r e c t  v a l u e  of  the  s q u a r e  of  t h e  a m p l i t u d e  c o r r e s p o n d i n g  
now to  s u b c r i t i c a l  a u t o o s c i l l a t i o n s .  B o t h  v a r i a n t s  of t h e  b r a n c h i n g  can  b e  d e s c r i b e d  s i m u l t a n e o u s l y  i f  w e  
e v a l u a t e  t h e  c o n s t a n t s  d 1 a n d  d z s t a r t i n g  f r o m  t h e  a s s u m p t i o n  R e  = R e  0 + e2 a n d  t h e n  s e t t i n g  

= Ida[ 1/2, c., ---- d~ sgn d~, Re = Reo + e'- sgn dI. 

To  i n v e s t i g a t e  t h e  s t a b i l i t y  of  c i r c u l a r  C o u e t t e  f low a n d  b r a n c h i n g  of  a u t o o s c i l l a t i o n s  we  u s e  t he  m e t h o d  
of  l i n e a r i z a t i o n .  T h e  v a l i d i t y  of  l i n e a r i z a t i o n  in  p r o b l e m s  of  the  s t a b i l i t y  of  s t a t i o n a r y  a n d  p e r i o d i c  m o t i o n s  
of  a f l u id  i s  shown  i n  [8-10] .  T h i s  l e a d s  to  the  s p e c t r a l  p r o b l e m  

a u - - R e  o c 0 ] ~ u . t + R e ( - Q > , ~ u -  r o t u X V ) - - :  g r a d p  + r o t r o t u  = 0 ,  

d i v u  = 0, u = 0 (r = ~, i + ~) 

f o r  C o u e t t e  f low, a n d  to t h e  p r o b l e m  

�9 u' p' ~ ' u ' - -  cu~ @ Re(Q ;< + r o t u '  -< V) + to ~-< u '  ' -7 ro t  u '  • v + grad + 

- -  rot  rot  l: '  = O, d i v u ' = O , u ' = O  ( r = ~ , l + ~ )  

f o r  t h e  a u t o o s c i l l a t i o n  r e g i m e .  H e r e  e,  v ,  a n d  r a r e  d e t e r m i n e d  a c c o r d i n g  to (2.1) .  A p p l y i n g  t he  p e r t u r b a t i o n  
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m e t h o d  [7] f o r  R e y n o l d s  n u m b e r s  c l o s e  to  t he  c r i t i c a l  v a l u e  w e  f ind the  e i g e n v a l u e s  of  a and  ~': 

c~ : o. (Re - -  Reo) + 0 ([Re - -  Reol~), o '  = o~e "2 + 0 (e4), (2o11) 

o ,  = - -  I ~ / I 1 ,  Real o~. = - -  Real ~ sgn d~, Re = Re 0 -~ e 2 sgn d 1. 

T h e  s t a b i l i t y  o f  t he  c o r r e s p o n d i n g  flow can  b e  j u d g e d  f r o m  the  r e a l  p a r t s  of  t he se .  

Suppose  the  fo l lowing  c o n d i t i o n s  a r e  s a t i s f i e d :  

Real ~, > 0, Real (I~1) ~= 0, Real (I1/~) .~= 0, (2.12) 

then  on the  b a s i s  of  T h e o r e m s  2.2 and 3.1 of  [6, 7] i t  can  b e  s t a t e d  tha t  f o r  Re  > Re  0 Couet te  f low l o s e s  
s t a b i l i t y  and  a t  t he  p o i n t  R e  = R e  0 the  a u t o o s c i l l a t i n g  r e g i m e  having  the  f o r m  of  a z i m u t h a l  w a v e s  b r a n c h e s  
off  f r o m  it .  T h e  b r a n c h i n g  out  o f  a c y c l e  o c c u r s  in  t h e  s u p e r c r i t i c a l  r e g i o n  IRe > R e  0 i f  d~ > 0 o r  in the  s u b -  
c r i t i c a l  r e g i o n  R e  < Re  0 i f  d I < 0. It i s  c l e a r  f r o m  (2.11) tha t  s u p e r c r i t i c a l  a u t o o s e i l l a t i o n s  a r e  s t a b l e  and  
s u b e r i t i e a l  o s c i l l a t i o n s  u n s t a b l e .  

3 .  R e s u l t s  o f  C a l c u l a t i o n s  

The  s e c o n d a r y  w a v e  r e g i m e  w a s  c a l c u l a t e d  on an ODRA-1204 c o m p u t e r  f o r  m o d e  m = 1, f i xed  v a l u e s  
of  the  p a r a m e t e r s  ~ = 1, # = - 0 . 4 5 ,  and  v a r i o u s  l o n g i t u d i n a l  w a v e  n u m b e r s  1 _ ~ _< 7 a t  58 p o i n t s  a l t o g e t h e r .  
The  c r i t i c a l  v a l u e s  of  t he  p a r a m e t e r s  Be  0 and  c o f o r  m = 1 and  m = 0 w e r e  a c c u r a t e l y  c a l c u l a t e d  in a d -  
v a n c e  by  d i r e c t  n u m e r i c a l  i n t e g r a t i o n  of  (2.3).  The  law of  m o t i o n  f o r  c~ w a s  u s e d  t o g e t h e r  w i th  N e w t o n ' s  
m e t h o d  f o r  s o l v i n g  a s y s t e m  of  two t r a n s c e n d e n t a l  e q u a t i o n s  b y  a p p r o x i m a t i n g  p a r t i a l  d e r i v a t i v e s  by  f in i te  
d i f f e r e n c e s .  The  r e s u l t s  o f  t he  c a l c u l a t i o n s  a r e  shown in Fig .  1, w h e r e  the  n u m b e r s  1 and  2 deno te  the  c u r v e s  
f o r  R e 0 ( ~ )  and  c0(a)  f o r  m = 1; the  n u m b e r  3 m a r k s  the  n e u t r a l  c u r v e  fo r  R e 0 ( ~ )  c o r r e s p o n d i n g  to  a r o t a -  
t i o n a l l y  s y m m e t r i c  d i s t u r b a n c e  w i t h  m = 0, c o - 0. I t  i s  c l e a r  f r o m  Fig.  1 tha t  f o r  the  c h o s e n  r a t i o  of  the  
a n g u l a r  v e l o c i t i e s  of  the  c y l i n d e r s  n o n r o t a t i o n a l l y  s y m m e t r i c  d i s t u r b a n c e s  a r e  m o r e  d a n g e r o u s  than  t h o s e  
w h i c h  a r e  r o t a t i o n a l l y  s y m m e t r i c ;  on c u r v e  1 (m = 1 ) t h e  m i n i m u m  i s  r e a c h e d  a t  the  p o i n t  ~ = 3 .93,  Re  0 = 
103.52,  and  on c u r v e  3 (m = 0) a t  t he  p o i n t  ~ = 4 .51,  Re0 = 105.95. A f t e r  f ind ing  the  e i g e n v a l u e s  of  R e  0 and  
c o t he  b o u n d a r y - v a l u e  p r o b l e m s  (2.3) ,  (2.4),  (2 .7)- (2 .10)  w e r e  s o l v e d  and  the  q u a n t i t i e s  fl,  c2, a2, and  R e a l  

a~ w e r e  c a l c u l a t e d .  

Cond i t ions  (2.12) w e r e  s a t i s f i e d  at  the  s a m e  t i m e .  In v iew of  the  s m a l l  va lue  of  the  R e y n o l d s  n u m b e r s  
a l l  t he  b o u n d a r y - v a l u e  p r o b l e m s  w e r e  s o l v e d  b y  t a k i n g  l i n e a r  c o m b i n a t i o n s  o f  p a r t i c u l a r  s o l u t i o n s  o b t a i n e d  
b y  i n t e g r a t i n g  s e v e r a l  C a u c h y  p r o b l e m s  f r o m  the  p o i n t  x = 1 to the  po in t  x = 0 by  the  s t a n d a r d  f o u r t h - o r d e r  
R u n g e - K u t t a  m e t h o d  w i t h  a u t o m a t i c  s t ep  s e l e c t i o n .  The  b o u n d a r y  cond i t i on  on the  i n n e r  c y l i n d e r  r e q u i r i n g  
the  v a n i s h i n g  of  t he  a z i m u t h a l  c o m p o n e n t  of  t he  v e l o c i t y  f o r  the  h o m o g e n e o u s  p r o b l e m s  (2.3) ,  (2.4) w a s  r e -  
p l a c e d  b y  the  n o r m a l i z a t i o n  condi t ion .  The  a c c u r a c y  of  the  p r e v i o u s l y  found e i g e n v a l u e s  d e t e r m i n e d  how w e l l  
t he  d i s c a r d e d  b o u n d a r y  cond i t i on  w a s  s a t i s f i e d .  To m a k e  the  p r o g r a m m i n g  m o r e  conven ien t  t he  e v a l u a t i o n  of  
t he  i n t e g r a l s  I1, I2, and  I3 w a s  r e d u c e d  to a Cauchy  p r o b l e m  wi th  a z e r o  i n i t i a l  cond i t i on  on the  o u t e r  c y l i n -  
de r .  T h e  m e t h o d  d e s c r i b e d  f o r  c a l c u l a t i n g  a u t o o s c i l l a t i o n s  r e q u i r e d  t h e  s i m u l t a n e o u s  i n t e g r a t i o n  of 61 f i r s t -  

o r d e r  d i f f e r e n t i a l  e q u a t i o n s  in t he  f ina l  s t age .  

The  d e p e n d e n c e  o f  t h e  c o n s t a n t / 3  on a i s  shown g r a p h i c a l l y  in  F ig .  2, w h e r e  f o r  c l a r i t y  the  p o s i t i v e  
v a l u e s  of /3  c o r r e s p o n d i n g  to s u b c r i t i c a l  a u t o o s c i l l a t i o n s  a r e  p l o t t e d  be low the  ~ ax i s .  The  g r a p h  has  two 
a s y m p t o t e s  o f  the  f o r m  ~ = ~ a. As  t h e s e  p o i n t s  a r e  a p p r o a c h e d  the  c o n s t a n t  fi i n c r e a s e s  wi thou t  bound,  b e -  
hav ing  a s  fl ~ c o n s t  1 ~ - ~ a [-1/2. At  the  two p o i n t s  ~ = o~: (k = 1,2) t he  a m p l i t u d e  v a n i s h e s :  /3 ~ c o n s t  k ] ~ = 
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~kl I/2(~_. ~k,k= i, 2). At these four exceptional points the conditions (2.12) are not satisfied and expan- 
sions (2.1) no longer hold. Some numerical results are shown in Table i, where an asterisk denotes a num- 
ber corresponding to the subcritical case. The minimum is the most interesting point of the neutral curve, 
since the first loss of stability occurs in the passage through this point. There is a branching off of a stable 
periodic regime, a weak excitation of autooscillations of the type of azimuthal waves with parameters listed 
in the first row of Table I. The graphs of certain components of the solution corresponding to the numbers 
in this row are shown in Fig. 3: i) Real #Or; 2) Im~r; 3) Real ~z; 4) Im ~z, andFig. 4: i) Real ~; 
2) In~O; 3) lOOv~ ~176 
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